PHYSICAL REVIEW B

VOLUME 2,

NUMBER 12 15 DECEMBER 1970

Shielding of Gravitationally Induced Electric Fields*

G. T. TrammeLL AND H. E. RORscHACH
Physics Department, Rice University, Houston, Texas 77001
(Received 22 June 1970)

This paper proposes for the surface of a metal a model that is capable of resolving some of the experi-
mental differences surrounding the measurement of gravitationally induced electric fields. Theoretical
calculations of the magnitude of this field suggest that it should be of the order of E=—Mg/e where M
is the mass of the lattice atom, —e the electron charge, and g the acceleration due to gravity. The experi-
ments of Beams and Craig agree with this theoretical prediction, but the measurements of Witteborn and
Fairbank show a much smaller field E;=+mg/e where m is the electron mass. It is possible that these
experimental differences are due in part to differences in surface conditions, and we show that a distribution
of metallic whiskers on the metal surface can effectively shield the field E so that only the field E; remains
at distances from the metallic surface large compared to the whisker dimensions.

I. INTRODUCTION

The subject of gravitationally induced electric fields
near metals is of current experimental and theoretical
interest.)~* According to a theory of Schiff and Barnhill®
there will be a gravitationally induced electric field
E;= — (mg/e)Z near the surface of a metal standing in
the gravitational field —gZ, where m and —e are the
electron’s mass and charge. Such a field would produce
a force on an electron equal and opposite to its weight,
and would account for the experimental results of
Witteborn and Fairbank! on the free fall of the electron.
It was pointed out by Dessler, Michel, Rorschach, and
Trammell (DMRT)% however, that for the model con-
sidered by Schiff and Barnhill, proper account had not
been taken of the effect of the compression of the metal
by its weight, and when this effect was included, the
gravitationally induced electric field in normal metals
was shown to be of the order of E~ (Mg/e)z, where
M is the atomic mass. This result is of the opposite sign
and some three or four orders of magnitude larger than
that given in Ref. 5.

Schiff and Barnhill had computed the gravitationally
induced electric field in an indirect manner making use
of a reciprocity principle. Herring” showed that if proper
account were taken of lattice compression, the re-
ciprocity-principle approach of Schiff and Barnhill led
to the same result as the direct approach of DMRT.

Beams? has determined the electric field at the
surface of a rapidly spinning metallic rotor. The
effective gravitational fields were several orders of
magnitude larger than the earth’s field, and the sign and
magnitude of the induced electric field was in agreement
with the estimates of the theory of DMRT.

-Craig® has measured the variation of work function
with stress in various metals, and this can be directly
related to the gravitationally induced electric field. He
too found agreement with the DMRT estimates as
regards sign and order of magnitude of the field.

The question then arises as to how the large field
predicted by all theoretical calculations and observed
in the experiments of Beams and Craig can be cancelled
in the apparatus of Witteborn and Fairbank leaving
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only the small field E; which they found to act on the
electrons in their experiment. Several authors®#* have
suggested that there might be specific surface effects
which shield the exterior of the metal from the large
interior field E estimated by DMRT, leaving only the
Schiff and Barnhill field E; acting on the electrons in the
Witteborn and Fairbank experiment.

II. “WHISKER” MODEL

Without commenting on previously advanced pro-
posals, we wish to suggest a model which can account
for an induced field of the order of the Schiff and
Barnhill result outside a metal surface. Near (and
outside) a vertical metal surface

¢(22) —¢(z) =— (1/e) (W (2) =W (21))
+ (mg/e) (z—21), (1)

where ¢(z) is the electrostatic potential at altitude z
and W(z) is the work function of the adjacent metal
surface. To avoid the large field E estimated for the
model of DMRT it must be assumed that W is inde-
pendent of 2. Now the field E comes from the effect of
the differential compression of the metal under its own
weight, assuming that the metal tube is supported
mainly at one of its ends. The tube could be supported
properly along its lateral surface so that the strain and
therefore W would be independent of z. Furthermore, a
thin foil could probably be made to adhere to a differ-
entially stressed surface in such a way that it would not
exhibit the differential strain of the underlying metal?;
however we believe that another model given below
provides a less-strained explanation for the phenomenon
than that suggested by thin foils.

We adopt a model in which the vertical metal surface
supports an array of long thin whiskers (See Fig. 1).
Since there will be very little compression of the free
ends of the whiskers, the work function will be inde-
pendent of altitude at the ends of the whiskers. If the
whiskers are sufficiently dense, the region beyond the
whiskers will be well shielded from the strong average
field E near the vertical metal surface, leaving only the
field E; of Schiff and Barnhill. In Sec. III, we will
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Fic. 1. Schematic representation of
whiskers protruding from a vertical metal
surface. The field at the surface is the
DMRT field Ex<Mg/e. The field at the
unstressed end of the whisker is the
Schiff-Barnhill field E;= —mg/e.
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consider the conditions under which this “whisker
model”’ can achieve this result.

III. STRAIN FIELD IN “WHISKER”

We will first show that if a whisker is attached to a
stressed metal surface, then the strain in the whisker
relaxes very rapidly to zero as a function of the distance
along the whisker from the junction, divided by its
width (St. Venant’s principle).

In Fig. 2 we show an idealized model of a long thin
whisker (beam of constant lateral dimension 2a)
attached at x=0 to the vertical surface of a metal slab
(or a cylinder or prism) which is standing in a gravita-
tional field. We suppose that the slab is supported at the
top or bottom, and assume for definiteness that, except
within a few whisker widths of the junction, only o..
differs from zero in the slab (o;; is the stress tensor), and
that o,, is given by ¢..=0..(0) —pgz, where p is the
density of the metal and g is the acceleration of gravity.
The stresses and strains are continuous at the junction
of the beam (whisker) and the slab so that in the
neighborhood of the junction the beam shares the stress
of the slab at the altitude z,. We take a sufficiently small
such that the relative change in o.. in an altitude
change of the order of Az=g¢ is negligible, i.e., pga<k
0..(%0). For the present we neglect the weight of the
beam (whisker). Under these conditions the stress-
strain distribution in and near the whisker is the same as
in the situation pictured in Fig. 3 wherein a slab of
height 2b(b=fewa) is subject to uniform surface
stresses, F,=0,,(%)>pgh, on its horizontal faces at
z=b, the effect of the graviational body forces
—gpz in the slab and the beam being neglected.
Neglecting the forces of gravity, the equation of
equilibrium within the metal becomes

9;0:;=0, (2)

where 9;=9/9x;, roman indices run from 1 to 3 labeling
Cartesian coordinates, and the summation convention
for repeated indices is understood.

We assume an isotropic stress-strain relation for
simplicity

= Nubij+ 2uki;. (3)
The stress tensor £;; is defined by
=301 0:£5), (4)

with £:(x,v,2) the vector displacement of the point
which in the unstrained state is at x.
Equations (2) and (3) together with the boundary
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conditions

oii(s)n;(s) =Fi(s), (5)
where s denotes a surface point, n(s) the unit surface
normal vector, and F(s) the applied surface force per
unit area, serve to determine the equilibrium state of
the body. Alternatively, from (2)-(4) the Beltrami

relations
(1+0’) V20¢j+ai3j®=0 (6)

follow [where o is Poisson’s ratio, e=\/2(A+u), and ©
is the trace of the stress tensor, ®=o0,;], which together
with (2) and (5) determine the equilibrium state in
terms of the stresses alone.

We can obtain an estimate of the rapidity of decrease
of stress with distance x along the beam by noting that
the stress in the beam (x¢>0) is determined by the
stresses on the surface .S (denoted by the dotted lines
in Fig. 3) obtained by projecting the beam back into
the metal. Our problem then becomes that of finding
the stress for #>0 in a long beam of constant cross
section subject to certain surface forces F(s) for x<0.

Let us suppose the beam (consisting of the actual
beam for >0 and its projection for x<0) is of a rect-
angular cross section with faces at z=d-a, y=db.
Then if we suppose that the faces at z=d-a are subject
to forces which are independent of y and that the faces
at y==b are constrained not to move (except for
motion in the plane), then the stresses and strains
become independent of y and the solution of the
resulting equations (2)-(6) in two independent vari-
ables is readily obtained.® A more realistic model for our
purposes might be one in which the faces at y= =45 are
free of normal stresses; but the solution of the equations
for this case is considerably more involved than for the
constrained case, and in any event it seems clear that we
will underestimate the rate of decrease of stress with
distance along the bar (for #>0) by imposing the con-
straint.

We suppose that there are forces F.(x, a)=
—F,(x, —a), F,(x, a)=F,(x, —a), per unit area
acting on the faces z==a. It follows from (2)-(6)
that the stress and strain tensors are biharmonic

functions
VZVZG'U:V2V2£U‘—“ 0, (7)

which can be expanded in terms of the elementary
solutions of (7),

oij= (A4 coshkz+ A, sinhkz+ B,z sinhkz

+ B,z coshkz)e®*=. (8)

Fic. 2. Whisker of width 2a is located
on the surface at the height 2z, It
protrudes from the surface along the x Zo--14F 27 R o
axis and is subjected at its base to the
gravitational stress at the bulk metal
surface.
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Substituting (8) into (2)-(6) we obtain

- / dk( Ay coshka-+ Bz sinhkz) e,
e — / " k[ (Ax+2k-1By) coshha-+ By sinhks e,

0=—2(140) / ® dk k1B, coshhzet™, 9)

Tur=1 / ) dk[ (Aw+k™1By) sinhkz+ Byz coshkzJe=,

where
Bi=—Fk(ka+% sinh2ka) ' (F ; sinhka+iF,; coshka),
Ayx= (ka+% sinh2ka)~?

X[ (sinhka+ka coshka) F .+ 1iak sinhkaF. ], (10)
with
F.(x, a) = [dk F ze™, Fo(x,a) = [dk Fuet*s. (11)

Since
F.(%,a)=F,(x,a)=0 for x>0,

F. and F, are analytic in the upper-half & plane, and
the asymptotic behavior of the stress-strain tensors
according to (9) and (10) will be determined by the
roots of ka=13 sinh2ka with the smallest imaginary part.
These roots are
2ka=£2.2414.2,

and therefore for large «

ai~cii(3) cos[ (2.2x/a)+a] exp[—4.2(x/2a)]. (13)

Now the constraining forces on the ¥ faces of the
beam are oy, =0 (04+0..), as follows from (2) and the
condition &, =0. Thus if the Poisson ratio ¢ is zero our
solution also represents the case in which ¢,,=0. For
nonzero ¢ it is reasonable, although we have not proved
it, to assume that if the constraint on the y faces of the
beam are relaxed then the stresses in the beam for x>0
will drop off even faster than that indicated by Eq. (13),
and so the stress and strain in the whisker may be
neglected at distances greater than a few whisker widths
from the junction.

Returning now to Eq. (1), the contribution of the
work function to the potential difference near x=0 is

—e (W (22) =W (21))

—e 1 (0W/0p)[3p(22) —dp(21) ] (14)
According to Ref. 6, this is ~(Mg/e) (%2—21), some
four orders of magnitude larger than the Schiff-
Barnhill term in Eq. (1), (mg/e) (22—21). But if points

(2,x) near whiskers are considered, then the work
function will contribute

—e (W (22, 23) — W (21, %1) )
>~ —e (W /dp) [6p (22, %2) —8p (21, #1) ]

(12)

(15)
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Fic. 3. Gravitational stress on the base
of the whisker at 2, has been replaced by
an equivalent set of forces F,=0,,(20) (see
text).

FgsOpz(2e)

to (¢(2, %2) —¢ (21, #1) ), and according to Eq. (13), if
x2/2a0, %1/20,>~3, (15) is reduced by about five
orders of magnitude below (14), and for such points

@ (22, %) — ¢ (21, 1) (mg/€) (32— 21) . (16)

We have so far neglected the weight of the whisker,
but the influence of its weight can be estimated. A
whisker will be bent under its own weight, and this will
lead to a compression of its lower surface relative to its
upper surface. This gravity-induced strain and resulting
work function change is, however, independent of the
altitude of the whisker and will lead to no average
gravitationally induced electric fields. Similarly the
compression gradient along the length of the whiskers
which are not horizontal is independent of the altitude
of the whisker and thus does not contribute to the
average vertical field.

IV. ELECTROSTATIC SHIELDING BY WHISKERS

We have shown that the strains, and therefore the
work functions and electrostatic potentials [except for
the 4~ (mg/e)z term], are independent of altitude for
points near the whisker and a few whisker widths from
its junction with the metal surface. The question now is,
how dense an array of whiskers must we assume in
order that the region beyond the whiskers will be
sufficiently well shielded from the strong fields which are
expected near the surface? Near the surface at a certain
altitude let us take the potential as ¢,. We take as
models of the whiskers long circular cylinders that are
perpendicular to the plane metal surface, and to avoid
inessential complication, we shall take ¢=0 at the
cylindrical surfaces right down to the junction. We
take the radii of the cylinders to be a. Let the cylinders
be disposed over the plane (which we take as the x=0
plane) in a regular planar array. Then Wigner-Seitz
cells may be drawn around each cylinder, and the
electrostatic problem becomes that of finding the
solution of

V=0 for x>0, r>a
in a given cell with the conditions
e=¢y at x=0, r>a;

¢=0 at r=g;
and
d¢/dn=0

at the cell surface. For simplicity we consider a hexag-
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onal array of whiskers. If the distance between nearest-
neighbor cylinder axes is 25, then the cells are regular
hexagonal prisms whose opposite faces are separated by
2b. To simplify the problem we make the Wigner-Seitz
approximation of replacing the hexagonal prisms by
circular cylinders of radius r=5 (we should take » about
49, larger to make the cross-sectional areas the same).
The solution is of the form

o= f;:oAn[Yo(kna)Jo(kn’)

—YVo(kar)Jo(kna) ] exp(—kax), (17)
with the k,’s satisfying
Vo(kaa) J1(Eub) — Vi (kab) Jo(kua) =0, (18)

where J, and ¥, are Bessel functions of the first and
second kind, respectively. The coefficients A, are
determined in the usual way by the value of ¢(7, 0).
The value of ¢ for large x is determined by the #=0
term in (17). Equation (18) may be solved numerically
for kb as a function of /e and we obtain kb=1.9, 1.4,
and 1.1, for 8/a=3, 5, and 10, respectively. For /a>>10

kob(} Inb/a—3) %,
which gives keb=0.7 for b/a=100. For large x we obtain
¢(x) ~ihy eXp(— 2k0bx/2b) s (19)

where ¢ is the value of ¢ at x=0 (> a). If the whiskers
are of length / we have

o (1) /oo exp[— (2kob) (1/20) . (20)
Taking as the shielding criterion ¢;/¢o< 107, we obtain
1/26> 10/ 2keb, (21)

or 1/2b>2.7, 4.5 for b/a=3 and 10, respectively.

V. CONCLUSIONS AND DISCUSSION

" The whisker model proposed here produces an effec-
tive conducting surface that is “supported from the
sides” by shear forces and which greatly reduces the
dependence of surface strain on altitude. In terms of the
concept of the “surface pinch” introduced by Herring,’
this model provides a shielding by preventing the field
of a test charge from acting on the lattice ions. Charges
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can flow along the whiskers to reduce greatly the
“surface pinch.”

Does this model have any applicability to the real
surfaces involved in the experiments of Witteborn and
Fairbank? It should first be noted that various modifica-
tions of the model used for these calculations are
possible. The results would be unchanged, for example,
if the whiskers were tangled. Similarly, if rather than
whiskers, the surface more nearly resembled slabs »f
width @, spacing b, and length [, then so long as /a5 3,
the differential strain at the end of the slabs would be
effectively zero, and if /65 3, then the slabs would
provide the necessary shielding.

The 3-5 length-to-spacing ratio of the whiskers or
slabs which would be required to shield the DMRT
field E by the required factor of about 10~* would
correspond to a moderately heavy “beard” of whiskers
on the face of the metal. It should be possible to detect
whiskers of this size and density by appropriate
electron-microscope techniques. Such whiskers are
known to grow on the surface of a large class of metals
under appropriate conditions of strain and tempera-
ture.’ It seems unlikely that these conditions would
have been met for the copper tubes used by Witteborn
and Fairbank.! Nevertheless, it is possible that the
electroforming process used to produce the tubes could
have produced a surface with the required properties.
Since the drift tubes were “electroformed onto a
polished aluminum mandrel which was later dissolved
away,”’! it seems conceivable that whiskers might have
grown during the etching process. This would also
explain the absence of the shielding in the experiments
of Beams and of Craig.

In the experiments of Witteborn and Fairbank, the
electric field acting on the electron could be varied by
passing a current through the copper tube. The whisker
model permits the existence of such fields outside the
drift tube, since the ir potential drop within the metal
will appear unshielded at the surface of the whiskers,
while the strain-induced fields will be shielded as
previously discussed.
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